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Math of Fourier Series

Historically, there was an assumption that any function can be expressed by a series of
trigonometric functions. A mathematician, Fourier, created the formula so that we can obtain the
series. The general formula is following:

fl)y =2+ Z (an COs™* + b, sin %) (Fourier Series of f(x))

n=1

where a, =+ J‘fL f(x)cos*&dx, and b = %J‘_LL f(x)sin22dx. f(x) isa given function, a, and

b, are called Fourier coefficients. And we assume that 2L = A (wave length or period).
However, if you were able to determine a function as odd or even, you would use only sine or
cosine for the series. What is the even or odd function? Simply put, when you fold the graph
paper with respect to y-axis, then the both sides of plots are identically overlapped. That function
is even. For the odd one, it is symmetric with respect to origin. You can see cos(x) is an even
function, and sin(x) is an odd function. Now, considering even and odd functions, you can have
these simplified expressions for Fourier series.
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For an even function: f(x)= 3+ Zan cos™ where a, = %J.O f(x)cos™dx .

n=1

For an odd function: f(x) = an sin2= where b, =2 J‘OL () sin 22 dx

n=1

Here are two example problems. The function is called the periodical triangle wave. First, we
have the even one:

TH+x(—r<x<0)

Z—x(0<x<7)

f(x)={

Triangle Wave (even)

From the formula and the graph, you find g, =0, and L =7 . Then we can calculate a, as

follows:

a,= %L”(% +x)cos nx dx

T
Zcosnxdx + J.O xcosnx dx}

= %[(l sin nx)g + (i sin nij - %I: sin nxdx}

n
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However, if n’s are even numbers, then a, = 0. Therefore, the series will become

() =3 200 o5y (0dd 7 only),
n=1
or we can rewrite it as flx) =+ zc«:;(;kl D gince n =2k —1 (k _ 1’2’3”').

If you express it in term by term, you will have
f(x)= %(cosx + C";f" + C";f" + C";Z" +-- )

Next you have the odd one, which is:
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Then use the second formula:

b = %[J’fxsin nxdx + JZ(?[ — Xx)sin nxdx}

n
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%[(— Lxcos nx)2 + %J- cosnxdx + (- Zcosnx)! + (L xcosnx)l — lJ- cos nxdx}
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For even n — %l l)m2—”n+0—%—(—1)Z+lf+%+(—1)l+12—”n+01=

Therefore, we obtain the Fourier series of this function as

f()= 42

which will be explicitly expressed as

~ 4|t __ sin3x sinSx __ sin7x .,
f(x)~;lsmx e = J

_sin(2k —1)x,

What is usefulness of Fourier series? Sine and cosine are easily differentiated and integrated, so
if you express some function in terms of sine and cosine, it will be very convenient to calculate
and to analyze it.



